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GENERAL CONSIDERATIONS

Denote by B(#) the C*-algebra of all bounded linear operators acting on a complex Hilbert
space H. Let H be a closed subspace of a Hilbert space K. We denote by Py, € B(K) the
orthogonal projection onto .

Let T € B(H) and S € B(K).

We say that S is an extension of T if SH C Hand S|y = T,i.e. on K = H @ HL, the
operator S has the form

We say that S is a (power) dilation of T if
Tn:P'HSnl'H, v n>0.

This is equivalent with one of the following matrix representations

T x e *  x
S:(O *), or S=(0 T x|, or S:(O T)'
0 0 «

The existence of unitary dilations for Hilbert space contractions are basic results in dilation
theory (see the monographs of Sz.-Nagy-Foias-Bercovici-Kerchy, Foias-Frazho, N. K.
Nikolski [23,10, 18]).
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Recall that T € B(#) is called m-isometric for some m > 1 if it satisfies the relation

m

ST(-1y (T) T =o0.

j=0

1-isometries are just isometries, (see the trilogy of Agler-Stankus [1,2,3] for more about
m-isometries).
The powers of an m-isometry S can grow only polynomially: 3 K such that
|S"|2 < Kn™=1,v neN.
Therefore any T which has an m-isometric dilation must satisfy the same estimate.

In particular T is a 2-isometry if T*2T2 —2T*T 4+ | = 0. Also, T is called:
o concave if T*2T2 —2T*T +/ < 0 (i.e. (|| T"x||?)n>0 is @ concave sequence for any x € H);
o convex if T*2T2 —2T*T + 1> 0 (i.e. (|| T"x||?)n>0 is @ convex sequence for any x € H);
o expansive if T*T — | > 0. A concave operator is expansive.
For a given bounded sequence (An)32, C C there exists a unique operator W € B(f2(H)),
called a unilateral weighted shift with weights (\n)72,, such that

W(ho, by, ho,---) = (0, Aoho, A1hy,---), neN.
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Theorema 1.1
Ifm e N* and T € B(#), then the following condlitions are equivalent :
T is an m-isometry,
T*MT" is a polynomial in n of degree at most m — 1,
for each h € H, || T"h||? is a polynomial in n of degree at most m — 1,

T is injective and for each nonzero h € H, the unilateral weighted shift Wt € B(¢?(C))
[Tl
I 77hll

oo
with weights ( ) is an m-isometry.
n=0
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Agler-Stankus, 1995

B € B(H) is called a Brownian unitary operator if

V oE
a-(s %)
where

— V, E are isometries with V*E = 0 and Ran(E) = Ker(V*);
— U is unitary;
— 02 = ||B*B — |||, where Ag = B*B — | is the covariance operator for B.

If T is a 2-isometry on 7 then there exist £ D # and B on C a Brownian unitary with
the same covariance as T such that B|;; = T. Hence an operator which has a 2-isometric
dilation has also a Brownian unitary dilation.
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Let T be a left invertible operator on #, T/ = T(T*T)~' its Cauchy dual. T’ is also left
invertible.
We define
Hoo(T) = [ T"H.
n>0
We say that T is
— analytic if Hoo(T) = {0};
— has the wandering subspace property (WSP) if \/,,- o T"Ker(T*) = H;
— admits a Wold type decomposition (WTD) if -

H=Hoo(T)® \/ T"Ker(T"),
n>0

where the subspaces are reducing for T and T‘Hoo(T) is unitary.
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S. Shimorin, 2001

T is analytic iff T’ has WSP;

T admits a WTD iff T/ admits a WTD. In this case Hoo(T) = Hoo(T').

If T is concave then T is analytic iff T’ is analytic. Also, if T is concave then it admits a
WTD.

If T is analytic then

H<+—>D={0p:heH}
h< ©p, ©p:D(0,r(T")~") — Ker(T")

(©n)(2) =D (Pex() T"*"h)2"
n>0

T<+«— M, on D, (MAf)(z)=2zf(2)

T* B, on D, (B:A)(2)= f(z) ).
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A. Olofsson, 2004

If T is an analytic 2-isometry then D = D,, where

u : Bor(T) — B(Ker(T™));

fi(n) = i(=n)" = Pger(r) T (T*T = Dlger(r+); 12 0;
IFIZ = 11F1Z2 + /D(P(u)(z)f'(ZLf’(Z))dA(Z);

P(u)(2) = /T P(z,6°)du(e”), zeD

1- |2

0y _
P(Z,e )_ |ei0_z|27

zeD.
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m-ISOMETRIC DILATIONS

Theorema 2.1

Let m > 0 be an integer and let T € B(#.) be an operator satisfying the condition

sup n~ 2| T"|| < oco. (2.1)
n>1

Then T has an expansive and analytic (m + 3)-isometric dilation.
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Proof

Suppose first that the Hilbert space # is separable.
Let K > max{1,n=™/2||T"|| : n> 1}. Then

7712 < K2n™, n>1.
For every integer s > 1 we set

2Ks + 1 (n2)/2
*s (2K(s— 1)+1)

Clearly oy > ap > ... > 1.

Let 62 (#) = @72, H;, where H; = # for j > 0, and let S be the weighted forward shift of
multiplicity dim # with the weights as, i.e., S is defined by

S(ho, h1 Py ...) = (0, (071 ho, a2h1 ) ...)
for all sequences (ho, hy,...) € £2.(#). Then

18" (ho, 0, --)IIF = 11(0,0, ..., (2Kn + 1)(™2)/2 g, 0, ...) |? = (2Kn + 1)™+2.

Moreover, it is easy to see that S is an (m + 3)-isometry.
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Proof.
Let S* be the adjoint of S, i.e., S* is the weighted backward shift defined by

S*(hg, hy, hy,...) = (av1hy, a0ha, ...).

We prove now that S* is (unitarily equivalent to) an extension of T*. Indeed, for s > 1, let
bs = (a1 -+ as) "2 = (2Ks + 1) "2,

Using (2.1), we get

D obs| T2 = D bslITSIZ < K2 s"(2Ks+1)~m2
s=1

s=1 s=1

IA

e 2
K-mo—m-2§"g2 T 4
2. <5

Thus, by V. Miiller [17, Theorem 2.2], T* is unitarily equivalent to a restriction of S* to an
invariant subspace (# being separable).

In conclusion S is an (m + 3)-isometric dilation of T and it is clear that S is analytic and
expansive (because as > 1 forall s > 1).
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We have the following implications:
T has m-isometric dilation — sup
n

[l
nm—1

< oo

— T has an expansive, analytic and minimal
(m+2)-isometric dilation.

Invertible m-isometric extensions. If T is an invertible m-isometry and mis even, then T
is an (m — 1)-isometry. Suppose that m + 3 is odd.

The (m + 3)-isometric operator S in Theorem 2.1 has an invertible (m + 3)-isometric
extension S.

Indeed, assuming that

IT"> < K2n™, n>1,
for fixed m and K, set wp = (2Kn + 1)™t2 for n ¢ Z.
Let S be the weighted bilateral shift of multiplicity dim H defined by

~ w_ W W4
S(...,h_1,ho, hy,...) = < /W—;h_z, /W°1h_1,1/w;ho,...>.

Clearly Sis invertible and (m + 3)-isometric. Moreover, Siis a dilation of T.

Every power bounded operator has an invertible 3-isometric dilation.

Since every invertible 2-isometry is a unitary operator Corollary 2.3 is optimal.
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In the case of Foguel-Hankel type operators, using a result of
Bermudez-Martinon-Miiller-Noda [6] we can give the following

Theorema 2.4

Let T € B(H) be an operator such that, with respect to an orthogonal decomposition
H = Ho @ H4, has the block matrix form

_(C E
T= ( 0 01) ;
where C; are contractions on H; (i = 0,1) and E € B(H4,Ho) is such that ECy = CyE.
Then T has a 3-isometric dilation on IC D H

(Vo L\ (W% O 0 L
J= (o v1) = (o v1)+<o o>'
where V; are the minimal isometric dilations of C;, i = 0,1 and L is a dilation for E such that
LVy = WL.
Furthermore, S can be extended to a Jordan operator J i.e J = U + N, U unitary, N2 = 0
and UN = NU (see [16]).

v

Corollary 2.5
s
0

Every Foguel-Hankel operator, i.e. T = ( é( ) where XSy = S} X, S being the unilateral
+

shift can be dilated to a Jordan operator.
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SUB-BROWNIAN m-ISOMETRIES AND THEIR EXTENSIONS

In what follows we investigate a class of m-isometries which have Brownian type extensions in the
sense of the definition below. We refer here to m-isometries T € B(#) for an integer m > 3 that is with

A = 0, which are AY-bounded for j = 1,2,..., m — 2, where
] . o .l .
AD —Ar =T T—1 and AU = 7207 —AD.
This means that A(%) > 0 and there exist constants a; > 0 such that
T AT <a2A®, j=1,2,..m-2 (3.1)
In this case the conditions (3.1) are equivalent to
0<a¥ <@@-1)aY, j=12.,m-2 (3.2)
For T, j satisfying (3.1) let o; > 1 be the scalar given by
oj:=inf{a>1: T*A(.,j.')T < aZA(.,].‘)}. (3.3)

Then the scalar
o= max{|AY?), (o2 -2 j=1,2,..m-2} (3.4)

is called the covariance of T, and it is denoted as o = cov(T).
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We illustrate now examples of operators satisfying the conditions of the form (3.1).
An operator B € B(H) is called an m-Brownian unitary for an integer m > 2, if under a
decomposition H = H1 & Ho @ ... ® Hm, B has a matrix representation of the form

Vi 666 0O .. 0 0
0 Vo 6B .. O 0

B=1|. . . . - (3.5)
0 0 0 .. Vpq 6Em
0 0 0 .. 0 U

where V;, E; are isometries with A/ ( Vj*) =R(Ej)forj=1,2,...,m—1, Uis unitary and 6 > 0 is
a scalar.

The following main result shows that the m-Brownian unitaries play the same role in the
theory of m-isometries as (2—) Brownian unitaries in the context of 2-isometries
(see [2, Theorem 5.80]).
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Theorema 3.1

For an operator T € B(#) a scalar o > 0 and an integer m > 3, the following statements are
equivalent:

() T is m-isometric and A -bounded forj = 1,2, ..., m — 2 with cov(T) < o;
(i) T has an extension to an m-Brownian unitary B with cov(B) = o.

An m-isometry satisfying (3.1) is called a sub-Brownian m-isometry.
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Let T be as in (i), that is satisfying the conditions:
A =0, Jarl<o? AP >0, TAPT < (0% +1)AY
forj=1,2,...,m— 2. Denote shortly Ay = Ar and A; = A(p for j =2,...,m. So we have
I—072A1 >0, Aj_1—072A;>0 (j=2,..,m).
Now from the last condition we obtain for j € {2,...,m — 1},
T*(A/‘,1 - J_zAj)T - A]',1 aF O'_ZAI' = A] - 0'_2Aj+1 Z 0

therefore T*(Aj_1 — 0 =2A/)T > Aj_1 — o—2A;. On the other hand, using the fact that
T*A1T < (02 + 1)A4 we get the relation

T*(l—o2A)T =TT —c 2T*"AT> Ay +1— (140 2)A; = — 0 2A,.

This together with the previous inequalities provide that there exist the contractions C} from
RI(I — 0=2A4)"/2T] into R[(/ — 0=2A1)'/?] and Cj from R[(Aj—1 — o=2A)"/2T] into
R[(Aj—1 — 0—2A))/?] for j € {2,...,m — 1}, such that

C{(l - 0’72A1)1/2T = (I - 0’72A1)1/2, C/,(A],1 - 0’72Aj)1/2T = (Al',1 - 0_72A]_)1/2.

V
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Proof.

Next, these contractions C/f forj € {1,2,...,m — 1} can be extended (by continuity and
orthogonality) to some contractions C/-* € B(#,;), where

7‘[1 = R(I — 0'_2A1), Hj = R(Aj_1 — O‘_ZAI'),

such that C; = 0 on Hy © R[(/ — 0=2A1)!/2T] and Cr=0onH; 6 R[(Aj_1 — o=2N)1/2T]
forj € {2,...,m— 1}. So we have the relations

(/ = 0'72A1 )1/2 e T*(/ = 0'72A1)1/ZC17 (AI'_1 = 0'72A/)1/2 = T*(Aj_1 = 0_72Aj)1/20i7
which lead to the identities
T*(I—0=200)"2(1=CiC})(I—0204) /2T = T*(I—028)T—(I—67201) = Ay —5 24,
and respectively
T*(Aj_1 — UizAj)‘]/z(/ — CIC/*)(A]_1 — 072A1)1/2T =

T*(A/—1 = 0'72A/')T = (A/—1 = O'izAj) = A]' = 0’72AI‘+1 .

Extensions for operators on Hilbert spaces which satisfy polynomial growth conditions



Now forj € {1,2,....,m— 1} let Vj’ on ICJ’. D H; be an isometric dilation for C;. So
V/.’* |2; = C;* and denoting Nj = N( Vj’*) we have that
= GG = Pry(1 = Vi V{")la; = Pr;Pujlay,
where PHj, PNj S B(ICI’.) are the corresponding orthogonal projections. Now the previous
identities for C; permit to define the isometries Ej’ from #;, 4 into \V; with R(EI.’) C N, such that

E{(A1 —07202)"2h = Py, (I — 0720y)/2Th,
and respectively
E;(A,- —o72A;4)Ph = P,\[I.(A,_1 —o720)"/2Th,
forhe Handj=2,.. — 1. Clearly, the isometry E/. _, from Hm = R(Am—1) into Nm—_1
satisfies the relation

El (A2 0 =Py, (Am_o— 0 2Ap 1)'/2Th.

m—1
Notice that if for an index j one has R(E/.’) #Njthen & =N © R(E/’) is a wandering
subspace for V/ i.e. V/"€; L Vl.’qu foi n,q >0, n# g, while the subspace 2 (&) = @52, Vg
of ICI’. is reducing for Vj’. In this case V; = \/j/‘lcjfetzi(fj) is an isometric dilation for C; with

N( Vi) = R(E!). Thus to simplify the notation we can assume that Vj’ =V}, so that
N = (E)for/e{12 m—1}.
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Proof

Next we have in view that T*A,,_1T = A,,_1 (T being an m-isometry), hence there exists an
isometry V on Hm = R(Am—1) such that

VAlZ = Al2 T,
Let U on Km D Hm be a unitary extension for V. Consider the spaces
Km1=Lmn1®Kh_y, where Ly 1 =02 (Kno Hm),
and successively for j = m —2,...,2,1, the spaces
Kj=Lj@Kj, where L;=0(Kj©Hi)

Let S; be the forward shift on £;, so /\/’(Slf*) = Kj11 © Hj;1. Define the mappings
Vi=S @ VI.’ onk;=L;® ICI’. and E; : K4 — K, this later having the block matrix

0 LN [ Hps £
5= (E' 0) ' {’Cm OHu] 7 K]
where L; : Kj 1 © Hj 4 — L; is the embedding mapping. Then V; is an isometric dilation for C,-,
while E; is an isometry from K4 into K; with N (V") = R(E)), forj=1,2,...,m — 1.
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Proof.

Now we are able to define the desired extension of T. This is the m-Brownian unitary on
K = @/, K; with the representation

Vi 666 0O .. 0O 0
0 VW 6 .. 0 0

B=|. . . .. .. (3.6)
0 0 0 .. Vmi 6Emq
0 0 0 .. 0 U

To prove that B is an extension for T we find an isometry Z : H{ — K which satisfies the
relation ZTh = BZh for h € H. Thus we define Z by the relation

m
Zh=(I-0720)"2ho (EB o= - UzAj)uzh)
j=2

for h € H. ltis easy to see forj = 2,3, ..., m — 1 that
(= _ _o(j— 1/2 —2ji A1/2
o 0 1)(Aj—1 . 2A/)1/2h||2 — o2 1)||A/_/1h”2 . 2/||Aj/ h||2

and [lo=(M=DA!/2 pjj2 = g=2m=1|A1/2 p|2 (for j = m). So it follows that || Zh|2 = ||h]|? for
h € H, that is Z is an isometry.
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Also, we have the relations

m
ZTh = (I— 072A1)1/2Th$ @U*/‘Jr‘] (A/_1 _ 072Aj)1/27-h7

j=2
and by (3.6),
BZh = [Vi(l—o200)"2h+ E(A1 — o 2Ap)"/2H]
m—1
& PVie (a1 —o7208)"2h+ oEj(c 7/ (Aj — a2A1)"2h)]
j=2
® o ™IUANZ b= [Vi(I— 072A1)"/2h + Ey (g — 0=20,) /2]
m—1

& @ oMVi(A1 — 0728)"2h+ E(A) — 072A11) 2 @ o™ UA N b,

J=

The last terms of ZT and BZ (for j = m) coincide, having in view that

A2 Th=Va]/2 h=UA}/? h. For the other terms of ZT and BZ we use that V|3, = C;

as well as the definitions of C; (resp. ij) and Ej, forj=1,2,..,m—1.
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Thus we have the relations
(I—o2A)"2Th = ViCi(I—o200)"2Th+ (I— Vi Vi) (I — o=2A4)"/2Th
= Vi(l—o72A0)"2h+ Ei (A1 — 072A,)"/?h,
and respectively for j =2,3,....m—1,
(Bj1 = 28)2Th = ViCr(Aj1 — o 28)2Th+ (1= V[ )(Aj_1 — 024)'/2Th
= Vi(Aj_1 — o 20)"2h+ E(D; — 0 2Ap4) A,
These identities show that ZT = BZ, so the subspace ZH = @/ H; C K is invariant for
B. Since Z is unitary from H onto ZH we conclude that T is unitarily equivalent to B|zz. In

other words, this means that B is an extension for T. Thus we proved that (i) implies (ii).
The converse implication is immediate. Indeed, if B is as m-Brownian unitary extension for

T with cov(B) = o then A%{) = PHAg)\H forj=1,2,...,m. So A(Tm) = 0i.e. T is an m-isometry
and ||Ar|| < ||Ag|| = o?. Also, since

7897 = PyB AV By < (62 + 1)PAY |5 = (62 + 1)2Y,

we infer that ¢ > (0'/.2 —1)'/2 where o} is given by (3.6), for j = 1,2, ..., m — 2. Hence
cov(T) < o, which shows that (ii) implies (i).

.
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From this result and Theorem 2.1 we have the following

Corollary 3.2

If T € B(H) is an operator which for an integer m > 3 satisfies the condition

_m=3 _,
supn= "2 || T7|| < oo,
n>1

then T has an m-Brownian unitary dilation.
In particular, if T is power bounded then it has a 3-Brownian unitary dilation.

v

Theorema 3.3

For a non-isometric operator T € B(*) and an integer m > 3 the following statements are
equivalent:

T is a sub-Brownian m-isometry;
T is expansive and there exists a sub-Brownian (m — 1)-isometry W € B(#.) such that

1/2+ 1/2
AYPT = wall2,
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We characterize now the sub-Brownian m-isometric weighted shifts.

Theorema 3.4

Let p be a polynomial with complex coefficients of degree m — 1 for an integer m > 3, such that
p(n) > 0 for each integer n > 0. Let S, on K = ¢2 (H) be the weighted shift with weights

(An)n>0, where An = % forn > 0. Then Sy, is a sub-Brownian m-isometry if and only if
the polynomial p satisfies the conditions
q g
pq(n) = Z(—1)f(j)p(n+q—j) >0 (3.7)
j=0

for all integersn > 0 and g = 1,2, ..., m — 2, with pp,_2(1) > pm—2(0).
In particular this happens when all coefficients of p are positive.

Let S on K = £2 () be the 3-isometric weighted shift with weights (An)s>0, where
_ [p(n+1)

p(n)
Then S is a sub-Brownian 3-isometry if and only ifa > 0 and a+ b > 0.

An and p(n) = an® + bn+ ¢ > 0, for n > 0 and some scalars a # 0, b and c.
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Theorema 3.6

Let T € B(H).

) TN . .
If T is a convex operator such that the sequence (—) is bounded then it has an
n

vn

extension T on a Hilbert space M D H with T of the form

= C E
)
on a decomposition M = My & My, where:
— C is a contraction, U is unitary and there exists F on

M’ D D¢ = Ran(l — C*C)'/2 = Ran(D¢) such that

T (DCO) 1 Ran (g) .
If T is a concave operator then it has an extension T on a Hilbert space M which on

M = Mgy @ My has the form
Fo vV E
—\0 U)’

— with V an isometry, U a unitary operator and V*E = 0.
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